Nonlocality of a single photon: paths to an EPR-steering experiment 
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A single photon incident on a beam splitter produces an entangled field state, and in principle 
could be used to violate a Bell-inequality, but such an experiment (without post-selection) is beyond 
the reach of current experiments. Here we consider the somewhat simpler task of demonstrating 
EPR-steering with a single photon (also without post-selection). That is, of demonstrating that 
Alice's choice of measurement on her "half" of a single photon can affect the other "half" of the 
photon in Bob's lab, in a sense rigorously defined by us and Doherty [Phys. Rev. Lett. 98, 
140402 (2007)]. Previous work by Lvovsky and co-workers [Phys. Rev. Lett. 92, 047903 (2004)] 
has addressed this phenomenon (which they called "remote preparation") experimentally using 
homodyne measurements on a single photon. Here we show that, unfortunately, their experimental 
parameters do not meet the bounds necessary for a rigorous demonstration of EPR-steering with a 
single photon. However, we also show that modest improvements in the experimental parameters, 
and the addition of photon counting to the arsenal of Alice's measurements, would be sufficient to 
allow such a demonstration. 



I. INTRODUCTION 

The nonlocal properties of a single photon or parti- 
cle is of continuing interest, both theoretically [IJ-Q and 
experimentally [6|-|ll| . It is well known, and experimen- 
tally verified @, Ql| ; that splitting a single photon using 
a beam splitter produces an entangled field state. Its en- 
tanglement is "accessible" [l2[ or "extractable" [l3[ pro- 
viding there exists other fields which can be interfered 
with one or both "halves" of the single photon prior to 
detection (as photo-detection itself is a phase-insensitive 
operation). In particular, strong local oscillators (LOs) 
were used to perform the homodyne tomography which 
verified entanglement in Ref. [lOj, while it was shown 
theoretically that weak LOs could be used to demon- 
strate Bell- nonlocality Recently, these tests of Bell- 
nonlocality have been realized [ll| , as well as a different 
test using strong LOs However, all of these experi- 
ments relied on post-selection, which can be justified on 
the basis of the fair-sampling assumption for inefficient 
photodetection in the experiments using weak LOs (TT| . 

The advantage of using a strong LO for homodyne 
measurement is that the high-intensity detectors (photo- 
receivers) have an efficiency close to unity, as opposed to 
photon counters which typically have a much lower effi- 
ciency. In Ref. [1] , the authors used homodyne detection 
on a split single photon to demonstrate "remote state 
preparation" , which, they say, is a concept that "can be 
traced back to the seminal work of Einstein, Podolsky, 
and Rosen (EPR) [lj], who have considered an entan- 
gled state of two particles with correlated positions and 
momenta. By choosing to measure either the position or 
the momentum of her particle, Alice can remotely pre- 
pare Bob's particle in an eigenstate of either observable, 
thus instantaneously creating either of two mutually in- 
compatible physical realities at a remote location." 

In fact, the EPR paper also considered a general 
pure bipartite entangled state, and a general measure- 



ment by one party (Alice). Moreover, in the same year, 
Schrodinger generalized the EPR phenomenon to more 
than two different measurement settings by Alice, and 
dubbed it "steering" [l5[. An experimentally testable 
criterion for the original (two-setting) EPR phenomenon 
was developed by Rcid [16} . However, it was only in 
2007 that a completely general characterization of EPR- 
steering, for arbitrarily many measurements of arbitrary 
type on an arbitrary bipartite state, was developed by 
us and Doherty 1 1711 . Even more recently, we and Cav- 
alcanti and Reid [18[ have derived some broad classes of 
experimental tests for EPR-steering. 



EPR-steering is strictly easier 
Bcll-nonlocality 



to demonstrate than 
which has recently been shown 
experimentally using two-photon entangled states [l||. 
Thus one might expect that the experiment in Ref. 0] did 
demonstrate this effect for a single photon, without post- 
selection (unlike the above experiment [h|, which did use 
post-selection). The modern theory discussed in the pre- 
ceding paragraph provides the tools that allow us, in this 
paper, to address this prospect. We show that, unfor- 
tunately, the experimental imperfections of Q were too 
great to allow a rigorous demonstration of EPR-steering 
with a single photon. However, we also show that, with 
modest improvements in the experimental parameters, 
and the addition of photon counting to the arsenal of Al- 
ice's measurements, it should be possible to perform such 
a demonstration. 

The remainder of the paper is organized as follows. 
First we model the experiment in Sec. [H] and then we 
elaborate on the concept of EPR-steering in Sec. Mil Wc 
derive appropriate EPR-steering inequalities in Sec. IIVI 
and establish the conditions both sufficient and necessary 
to experimentally demonstrate EPR-steering in Sections 
W\ and I VII respectively. In Sec. IVIII we compare our re- 
sults with the experiments of Lvovsky and co-workers and 
conclude in Sec. IVIlTl with a summary of our findings. 
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II. MODELLING THE EXPERIMENT 

A. The single-photon state 

Consider the case where Alice and Bob share an en- 
tangled state formed from a single photon incident on a 
beam splitter, 

m = Vx|0,l)-v / l^x|l,0), (2.1) 

where x is a variable defining the beam splitter. For the 
special case of % = 0.5, Eq. (|2.1[) is a maximally entangled 
state. However, in realistic experiments the preparation 
of the initial photon is probabilistic, occurring with effi- 
ciency rj. This means that in practice Alice and Bob will 
end up with a mixed state that has a vacuum compo- 
nent. That is, the state that is actually prepared in such 
a situation has the form 

w* = Wv/T^io, o)w^ (Vxio, i> - v/i - x|i, o)) . 

_ (2-2) 
Here tfcl is defined [13[ by the equation Wa|a) = 
+|a| 2 |a>(o|. 

It is this type of state that was used by Lvovsky and co- 
workers to demonstrate "remote state preparation" i.e. 
the EPR-steering phenomenon Q , and to violate a Bell- 
inequality using post-selected measurement results fiol ]. 
The latter (more recent) experiment had the better ex- 
perimental parameters: preparation of states of the form 
of W* with j] = 0.64. 

Since Wft is a two-qubit entangled state, it is quite 
straightforward to show that despite the introduction of 
the vacuum component, the state W* always retains at 
least some of its entanglement for any nonzero r\ (pro- 
vided that x 7^ 0, 1). In fact, one finds that this state pos- 
sesses entanglement (concurrence) of E = 2rj\J x(l — x) 
[20^ (which simplifies to E = rj for x = 0.5). 

Clearly, for small rj, the state possesses little entangle- 
ment which may limit the usefulness of for some QIP 
tasks. For instance, we can ask whether W£ can be used 
to violate a Bell inequality. For two-qubit states, there is 
an analytical test [2l[ for determining whether the state 
violates the Clauser, Home, Shimony, Holt (CHSH) in- 
equality, the simplest sort of Bell-inequality (and the sort 
tested in Ref. [10|). This test reveals that it is neces- 
sary to have 77 > l/[2y2x(l — x)] to violate a CHSH- 
inequality. 

As one might expect, this is most easily satisfied when 
the initial state possesses maximum entanglement, at 
X = 0.5, also as used in Ref. [l(|. This gives a neces- 
sary condition of rj > l/y/2, compared to the 77 = 0.64 
achieved in the experiment. This shows that CHSH- 
violation without post-selection would have been impos- 
sible in this experiment. It is important to note that 
rj > l/y/2 is only a necessary condition — even if it 
were achieved in the experiment this does not mean that 
Bell-nonlocality could have been demonstrated using the 
experimental detection techniques. First, the homodync 



detection did not have unit efficiency, and second it does 
not correspond to projective measurements as are most 
useful for violating a CHSH-inequality. We turn in the 
following subsection to describing the experimental de- 
tection scheme. 



B. Homodyne detection 

As discussed above, the experiments 0, |T(| use the 
high-efficiency measurement technique of homodyne de- 
tection with a strong LO. EPR-steering is about whether 
Alice's measurements affect Bob's state (in a sense to be 
defined rigorously later) ; the only efficiency that matters 
is Alice's. Specifically, all we need to know is Bob's state 
conditioned on Alice's measurement results. We can al- 
low for the non-unit efficiency rjh of Alice's measurements 
by introducing a finite probably 1 — rjh of photon loss 
at Alice's side prior to her measurement. Thus, we can 
modify the state to include this loss, then proceed 
using the measurement formalism for perfect efficiency 
homodyne detection. 

We can describe loss by the two Kraus operators, cor- 
responding to losing and not losing a photon respectively, 

Miosc = y/l^\Q) A {l\, (2.3) 

Mkeep = V 1 AL^lose 

= |o)a(o| + Vm;\i)A(i\, (2.4) 

where the A subscript reminds us that this is for Alice's 
mode. Therefore, the effective state allowing for Alice's 
inefficient detection is 

= [(1 - ^ + (1 - - x)]|00>(00| 

+ Wh (i-x)|io)(io| + ?/x |oi)(oi| 

- v^Wx(i-x)(|io)(oi| + |01)(10|) . 

(2.5) 

The effect operator for homodyne measurement using 
a LO of phase 6 on a state with at most one photon is 

M 

F° om (r) = eXp( ^L 2/2) (|0)(0| + ra e + r 2 |l)(l|) . (2.6) 

Here &e is defined as in 

(T = cos(8)a x + sm(9)a y , (2.7) 

where the Pauli operators arc defined in the usual way 
given g z = |1)(1| — |0)(0|, where here |0) and |1) arc 
Fock states. These operators define a POVM normalized 
as J_ drF(r) = 1, and the measurement result r is 
the suitably integrated homodyne photocurrent [U HI) . 
Thus if Alice makes a homodyne measurement with result 
r, Bob's conditioned state is 

p e B (r)=T rA {Fl m (r)W* h n (2.8) 
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Here the tilde denotes an unnormalized state, the norm 
of which equals the probability density for Alice to obtain 
the result 7'. 



C. Photodetection 

Although the experiments 0, fioj used only homodyne 
detection, we will see later that, for the purposes of EPR- 
steering, it can be useful to also consider photon count- 
ing, even though that typically has a far lower efficiency, 
?7 P . In this case loss is very easy to include in the descrip- 
tion of the measurement itself, which is described by the 
photodetection effect operators 



F+ = »7 P |1)(1|, 
F_ = i-F+. 



(2.9) 
(2.10) 



corresponding to detecting and not detecting a photon 
respectively. This time Bob's conditioned states are 

p B (+) = Ti A [F+WX\ = p + ±(L + z+&,), (2.11) 

p p B (-) = Tr A [F-W*] = p-±0. + z-&,). (2.12) 

That is, the states are mixtures of a z eigenstates (Fock 
states), with 

P+ = Wp(l-X), 
P- = i - w P (i - X), 

(F+ <g> a z ) 



P+ 



1, 



(F- (g> o z ) = 2 VX - (l-TWp(l-x)) 

P- i - w P (i - x) 



(2.13) 



III. EPR-STEERING 

A. Denning EPR-Steering 

The concept of steering introduced by Schrddinger in 
1935 [lH as a generalization of the Einstein-Podolsky- 
Rosen (EPR) paradox has received renewed interest in 
recent years (see for example Refs. fl"7T4l9l. 12414271 ]). In 
particular, it was given a formal definition (l7| as a quan- 
tum information task involving two parties, Alice and 
Bob. They share a bipartite quantum state, and Alice's 
task is to convince Bob that it is entangled (assuming 
that it is) even though Bob docs not trust her. Alice can 
try to convince Bob that the state is entangled if she can 
'steer' Bob's system into different ensembles of states by 
making different measurements on her part of the state, 
by virtue of the entanglement and the EPR effect. Bob 
will only be convinced however if the results he obtains 
could not be described by a local hidden state (LHS) 



model. That is, he must rule out the possibility that Al- 
ice is simply sending him a pure state, drawn from some 
ensemble, and using her knowledge of his state to pretend 
to be able to steer it. Thus we define the experiment to 
be a demonstration of the EPR-steering phenomenon if 
and only if (iff) Bob is convinced that the state is entan- 
gled. 

We can make the above definition more formal as fol- 
lows. To connect more directly with the rest of this paper 
(and with experiment) we give a slightly less general for- 
mulation than that in Ref. [l7| . Alice and Bob make 
measurements on their subsystems. Because Bob trusts 
his own devices, there is no necessity for his measure- 
ment to be efficient. In fact, we do not describe his mea- 
surement process explicitly (this is the point of difference 
from Ref. [17| ) , but simply assume that he is able to make 
measurements that enable him to determine the average 
of some set {Bj} of observables (acting on his subsys- 
tem alone) from an ensemble of repeated experiments. 
In a given run, Bob decides which Bj he is interested 
in, and after receiving his subsystem, informs Alice of his 
choice. Alice then makes a measurement on her subsys- 
tem which we can describe without loss of generality by 
some observable Aj (in the case of generalized measure- 
ments, this operator would have to be considered to act 
on an ancilla as well as her subsystem). We denote Alice's 
outcome by a,j , a random variable taking the eigenvalues 
of Aj as its possible values. Bob can then calculate the 
average (Bj) aj of Bj from each subcnscmble correspond- 
ing to the different outcomes aj of Alice. 

Now if there is a LHS ensemble for Bob, described by 
Bob-states p^ with weights p(£), it must be the case that, 
for all j, 



(B 



)Tr Ps Bj 



(3.1) 



where = p(£)p( a j 10/ E^ p(£)p( a j 10- Hcr c 

p(aj\^) is the probability that Alice (here assumed by 
Bob to be trying to cheat) announces the result aj when 
she knows Bob's state to p£ . Thus if Bob's set of expec- 
tation values {{Bj) aj }, for all j and all aj, are not consis- 
tent with the form of Eq. (|3.1I) then he has to admit that 
Alice cannot be cheating. That is, she has demonstrated 
EPR-steering of his state, and the state they share must 
be entangled. 

It was shown in [ljj that there exist states that can- 
not violate any Bell inequality, but which do allow EPR- 
steering to be demonstrated. In particular, this was the 
case for two-qubit Werner states with a mixing parame- 
ter between 0.5 and 0.66. This gives hope that the mixed 
states W% of interest in this paper could also be steer- 
able even with the experimental r\ = 0.64. To be useful 
experimentally, however, what we require is an inequal- 
ity involving measurable quantities, analogous to a Bell 
inequality, that, if violated, would demonstrate the EPR- 
steering phenomenon. The first inequality of this nature 
was introduced by Rcid [16}. A rigorous derivation of a 
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number of broad classes of these EPR-steering inequali- 
ties was first given in Ref. [l8j]- In the following subsec- 
tion we review the class of inequality we require for this 
paper. 

If a quantum state violates an EPR-steering inequality 
that means that it cannot be that there exists an ensem- 
ble of local hidden states (LHSs) for Bob's subsystem 
that will explain the observed correlations. That is, vi- 
olation of an EPR-steering inequality is a sufficient con- 
dition for demonstrating EPR-steering. In many cases 
we can find explicitly a LHS model which saturates the 
bound of the inequality. In such cases we will say that 
the the EPR-steering inequality is tight. 

B. Additive Convex EPR-steering inequalities 

A general approach to deriving EPR-steering inequal- 
ities is to begin with a constraint which holds for Bob's 
system given that it is described by a quantum state. 
A particularly useful type of constraint on Bob's system 
for determining EPR-steering inequalities are those con- 
straint which take an additive, convex form. The convex- 
ity of the constraints on Bob's system is the key feature 
which allows derivation of the inequalities. 

Consider the case where Bob's expectation values are 
constrained (by the assumption that they are derived 
from a quantum system) by an inequality of the following 
form: 

X>«4-),^)<c, VajeXiAj), (3.2) 
i 

where fj is a convex function of the variable (Bj) and 
X(Aj) are the eigenvalues of operator Aj. We term this 
an additive convex constraint. The convexity property of 
fj means that inequalities of the following type must be 
satisfied, 

fj(px + (1 -p)y,a) < pfj(x,a) + (1 -p)fj(y,a), (3.3) 

for all pe [0,1]. 

Now if Bob's system possesses a LHS, then we know 
that Bob's expectation value given Alice's result aj is 
given by Eq. (|3.ip . which we rewrite as 

(4->-i =I>(fto)<4->«- ( 3 - 4 ) 

s 

Using this definition for (Bj) a . and recalling the convex- 
ity property of fj one finds 

fj((Bj) aj ,aj) <YsP^\ a i)fi(&) Pv ctj). (3.5) 
£ 

Now consider the following expectation value involv- 
ing Bob's expectation values and Alice's measurement 
results: 

E Aj [fj ( (Bj ) aj , aj )] = Pifli ) fi ( (Bj ) aj ,aj). (3.6) 



Substituting for (Bj) a . and using Eq. (|3.5|) we find 

E Aj [fj{(Bj) aj ,aj)]<Y J P&ai)fj((Bi) Pi ,aj). (3.7) 

Taking a sum over the possible measurements j 
£ E Aj [fj((Bj) aj , a,)} < £ p(£, a 3 ) £ fj((Bj) P( , aj ), 

j 3 

. (3.8) 

and finally, using the initial constraint Eq. (|3.2|) gives 

Y,E Aj [fj{(Bj) aj ,aj)]<c. (3.9) 

3 

Thus we have arrived at an EPR-steering inequality, 
the violation of which is an experimental criterion for 
demonstrating EPR-steering. This is a condition which 
allows detection of EPR-steering of Bob's state based on 
measured expectation values for his system (conditioned 
on the results Alice reports), and the results Alice re- 
ports. Note that in deriving this inequality no assump- 
tion was made that Alice's results derived from the mea- 
surement of a quantum system; this is necessary for a 
skeptical Bob to be convinced. 

IV. EPR-STEERING INEQUALITIES FOR A 
QUBIT 

In this section we apply the general formalism of the 
preceding section to derive EPR-steering inequalities for 
a qubit, as describes Bob's half of a split single photon. 

A. Linear inequality for an infinite number of 
measurements 

A special case of additive convex EPR-steering in- 
cquaities is that of linear inequalities. Here we consider 
such inequalities for an infinite number of different ob- 
servables by Bob, which we call equatorial observables. 
By this we mean observables defined by axes around the 
z = plane of the Bloch sphere. Hence we consider the 
following operator sum for Bob's system 

i r /2 

Spianc = - / ddag&g, (4.1) 

7T J-1,/2 

where &$ = cos(6)& x + sin(8)a y as before. We only con- 
sider the half-plane \6\ < tt/2 because ag = —&g +7T and 
so these are not distinct observables. We assume that 
for all 8, ag e { — 1, 1}, the same set of possible values 
as the measurement outcomes ag G { — 1,1} for the mea- 
surement Ag that Alice performs on being informed of 
Bob's choice of 9. Note that while Alice must (or at least, 
should, in her own best interest) make a different mea- 
surement for each 8, Bob can determine the average of ag 



5 



for any by sometimes measuring a x and sometimes a y 
(or, with more relevance to the split-single-photon case, 
by making any set of tomographically complete measure- 
ments, such as homodyne measurements [10(). 

For any quantum state for Bob's system, the expecta- 
tion value of the operator S'piane will be bounded: 

i r' 2 

(Spiane) = - / dOag(ag) < c plane , (4.2) 

T J-tt/2 

where the bound is obtained by calculating 

Cplane { af} } •^max(5planc) ■ (4-3) 

Clearly the maximum over {ag} occurs when ag = 1V0. 
Under this condition, we simply need to perform the inte- 
gral and calculate the maximum eigenvalue, which results 
in Cpi an e = 2 / tt and thus 

(5 p , anc ) = - / ' d6a e (ag) < -. (4.4) 

Due to the additivity of the integral operation and the 
convexity of the expectation value we have arrived at a 
constraint on Bob's system which takes an additive, con- 
vex form. Thus, using the method of Sec. IIII Bl one can 
derive from Eq. (|4.4p the following EPR-steering inequal- 
ity 

- f ' d9E Ae [ag{ag) ae ] < -. (4.5) 

f J-tt/2 7T 

Noting that the conditional expectation value 
Q-g(o'g)ao] can be more simply expressed as (Agcrg), 
we can rewrite Eq. (|4.5[) as 

- / de(Agag) < -. (4.6) 

K J-n/2 T 

The violation of this inequality by the measured corre- 
lations on a bipartite quantum state would be a demon- 
stration of EPR-steering. We will address the problem 
that it is not really possible for Alice to perform an infi- 
nite number of different measurements in an experiment 
in Sec. IPTCl 

We now exhibit a simple LHS model to simulate cor- 
relations of the form (Agcrg) around the equator of the 
Bloch sphere. Due to the symmetry of the measurement 
arrangement, a suitable ensemble would consist of an in- 
finite number of pure states |£) on the z = unit circle. 
For any measurement axis 6, the ensemble can be parti- 
tioned into two even halves as shown in Fig.[T] When Bob 
reveals his axis 8, then, Alice could report the +1 result 
if she sent a pure state closer to the positive measure- 
ment axis, or —1 result for a state closer to the negative 
axis. It is easy to verify that such a scheme would give 
the correlation (Agtrg) = 2/tt. Thus the inequality (|4.6[) 
is tight. 
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FIG. 1: [Color online] An infinite LHS ensemble on the equa- 
tor of the Bloch sphere. If the measurement axis is in the 
direction of the black vector, then Alice would report re- 
sults — 1 or +1 depending on whether the state she has sent 
in the aligned (blue solid circles) or antialigned (red circles) 
subensemble. 



B. Nonlinear EPR-steering inequality 

As discussed in Ref. [l8|, nonlinear EPR-steering in- 
equalities are in general better able to detect experimen- 
tal steerability than simple linear inequalities. As we will 
show, that is the case here. In order to derive the inequal- 
ity we make use of the linear inequality of the previous 
section involving equatorial obscrvables, and augment it 
with a single additional non-equatorial Bob-observable, 
a z . Once again, this involves no more extra work on 
Bob's behalf, if he is already making a set of tomograph- 
ically complete measurements, such as homodyne mea- 
surements [l(|. For Alice, it is in her best interests now 
to make a different measurement, A z , whenever Bob tells 
her that in this run he is interested in <r 2 . For simplic- 
ity we assume that A z also has two possible outcomes: 
a z G { — 1,1}. We show below, however, that even if Alice 
makes no measurement in this case, and merely always 
reports a z — +1 (for instance), the inequality we derive is 
still stronger in general than the preceding one, Eq. (|4.6p . 

Consider the following function 

f({(*6)}, (*«» = - d8ag(ag) - -^l-(a z )\ 

T J-ir/2 T 

(4.7) 

which, as shown in Appendix I Villi is a convex function 
of its arguments and satisfies / < V ag G {—1, 1}, V p. 
Therefore, the constraint f({(&g)}, (cr z )) < defines an 
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additive convex constraint on Bob's system and using 
the approach of Sec. IIIIBI leads to the nonlinear EPR- 
steering inequality 



r/2 



-tt/2 



d9E At [ae{ae)a,]--EA, \A ~ «0*>oJ 2 < 0. 

7T L J 

(4.8) 

Here A z (Ag) denotes the measurement Alice performs 
(or, as far as Bob is concerned, purports to perform) 
when Bob reveals that he has measured a z (<7g). Noting 
that the first term is the same as Eq. (|4.5p . and rearrang- 
ing the inequality gives 



tt/2 2 

d9(A e ag) < -E Az 

-tt/2 7T 



1 - 



(4.9) 



Finally, using our assumption that Alice's observable 
A z is dichotomic, we can write out the conditional ex- 
pectation on the right hand side explicitly to obtain the 
nonlinear EPR-steering inequality 



f 



tt/2 



tt/2 



dB{A e ag) 



< 



1-4 



p- 



l-z 2 



(4.10) 

where p± is the probability that Alice obtains results ±1 
and z± = (<Tz)± are Bob's respective conditional expec- 
tation values. 

In general, the nonlinear bracketed term on the right 
hand side of Eq. (|4.10[) will be less than 1 and hence this 
side of the inequality will be less than 2/ir. Thus, as 
expected, the nonlinear EPR-steering inequality which 
incorporates an additional measurement setting, will be 
generally easier to violate than Eq. (|4.6[) . Note that even 
if Alice's observable is trivial (A z = 1), so that there is 
only one "result" (p+ = 1) we obtain 



- / ' dO(Aeae) < -Jl-Tv[a z p]\ 



(4.11) 



where p is Bob's unconditioned reduced state. The right 
hand side here is still less than that of Eq. (|4.6p , except 
in the case that Tr \a z p\ = 0. This is the only case where 
Eq. (|4.10[) is not stronger than Eq. (|4.6j) . 

This example is similar to the so-called 'inept state' 
example of Ref. [28| which suggests the following LHS 
model to model the correlations considered here. Con- 
sider two rings of pure states on the Bloch sphere centered 
around the z axis, at z = z_ and z = z+. The ensemble 
is weighted so that it is invariant under rotations around 
the z-axis, and that so that the weighting of the upper 
(lower) ring is given by p+ (p-). By construction, such 
an ensemble will produce the correct correlations when 
Bob measures a z , if Alice announces a z = +1 (a z = — 1) 
when the LHS state she has sent is in the upper (lower) 
ring. Thus, we simply need to determine how well such 
an ensemble simulates correlations of the form (Ag&g). 
A straightforward calculation shows that the radii of the 
rings of pure states are given by (1 — z 2 .) 1 / 2 . Taking 



the average over half of each ring centered around the 
measurement axis of interest results in the integral of 
Eq. (|4.6p . multiplied by each ring's radius. Taking the 
weighted average, this LHS model can simulate a value 
for the left hand side of Eq. (|4. 10[) equal to 



- Ph 

7T 1 



1-4 + p-V 1 



(4.12) 



This proves that this ensemble of LHSs is optimal for 
these observables, and hence that Eq. (|4.10[) is a tight 
inequality. 



C. Finite setting inequality 

The inequalities derived in the previous subsections as- 
sume that Alice can make an infinite number of measure- 
ments: a different Ag for each value of tested by Bob. 
In practice, a realistic experiment will be constrained to 
some finite number of measurement settings, such as a fi- 
nite set of 6 values. One might expect that using a finite 
number of settings will make it more difficult to demon- 
strate EPR-steering. While this is indeed the case, we 
show that we can modify Eq. (|4.10[) to account for this, 
and that the increase in difficulty is small even for mod- 
erate values of n. 

Consider the case analogous to Sec. IIV Al but with n 
evenly spaced equatorial measurements, which implies 
that the {9i} are separated by ir/n. Assuming a LHS 
model for Bob's subsystem ensures 



(«) \ 

plane/ 



l 



(n) 



— > a 
n ^ 

i=i 



(4.13) 



where the bound is a function of the number of measure- 
ment axes and is given by 



max yo pi ane J- 



(4.14) 



Following the approach used in the examples of Ref. [19( , 

one finds that the eigenvectors associated with the max- 

" (n) 

imum eigenvalues obtainable for £p lanc occur along the 
direction of the measurement axes and a direction mid- 
way between measurement axes for n odd and even re- 
spectively. Calculating these eigenvalues for the first few 
small n allows one to obtain by induction 



1 



/(») = - 



7J7T\ 

~~2J 



L"/2J 

2£ 8 in[(2fc-l)l 

fc=i 



(4.15) 

Proceeding analogously to Sec. IIV Al the constraint 
Eq. (|4.13p results in the EPR-steering inequality 



n 

a — * 



(4.16) 
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We can also incorporate an additional measurement 
axis orthogonal to the n equatorial measurements, anal- 
ogously to the proof in Scc. UVBl We find that Eq. (|4J0)l 
is modified to 



n 

r) ^- — ^ 



< /(n) 



1 



+ P-\/l 



(4.17) 

Also following the method of Sec. IIVBI it is easy to see 
that the a two-ring LHS construction is optimal, but now 
with each ring containing a finite number of evenly space 
pure states. It follows on average the finite ensembles 
will predict 



1 

- V(iiCT 9i ) 

n 

i—l 



p+ 



\-z\ 



p- 



1 - z 2 



(4.18) 

To prove that Eq. (|4.17[) is tight it remains for us to 
prove that the functions g(n) are the same as the f(n) 
of Eq. (|4.15[) for the optimal arrangement for the pure 
states in the LHS ensemble. 

Consider the first few even and odd examples for n as 
shown in Fig. [5] (in the diagram a single ring is shown, 
but the optimal arrangement of LHSs will be the same 
for both rings). For the first even cases, n = 2 and n = 4, 
the ensembles that minimize g(n) have pure states lying 
midway between the measurement axes (this reflects the 
directions of the maximum eigenvectors of S^ 2 ' and S^ 4 ' ) . 
For the first odd cases, n = 3 and n = 5, the optimal en- 
sembles have pure states aligned with the measurement 
axes (reflecting the directions of the maximum eigenvec- 
tors of S^ 3 ' and S^). Partitioning each of these ensem- 
bles in half (as indicated in Fig. [2]) leads to g (2) = l/\/2, 
g(3) = 2/3, 5 (4) w 0.6533, and g(5) w 0.6472. It is 
straightforward to show that these results generalise as 
one would expect for larger n (with ensembles of 2n pure 
states off-axis per ring for even n, and 2n pure states 
on-axis per ring for odd n). Moreover, g{n) = f(n) for 
all n. Thus, Eq. (|4.18[) saturates the right hand side of 
Eq. (|4.17|) and so the latter is indeed a tight EPR-steering 
inequality. 

It can be seen in Fig. [3] that the function f(n) quickly 
approaches its asymptotic value. Hence, it takes rela- 
tively few equatorial measurement settings to arrive at an 
EPR-steerability criterion which works almost as well as 
the ideal criterion which incorporates an infinite number 
of measurement settings. Note that in the limit n — > oo, 
/(oo) ->■ 2/7T and Eq. (|4"T7|) is equivalent to Eq. (pL"T0|) . 



V. EPR-STEERING OF A SINGLE PHOTON 
A. Evenly split single photon state 

We will now apply the EPR-steering inequalities de- 
rived in the preceding section to the single-photon state 
introduced in Sec. Ill Al with Alice's measurements con- 
strained (as in experiment) to homodyne detection as 





(c) /""^ 










FIG. 2: [Color online] Finite LHS ensembles around a circular 
plane. In each case the black vectors denote n measurement 
axes, and the coloured dots denote pure states. Plots (a) and 
(c) correspond to the first two even cases, n = 2 and n = 4 re- 
spectively and have optimal ensembles of states lying midway 
between the measurement axes. Plots (b) and (d) correspond 
to the first two odd cases, n = 3 and n = 5 respectively 
and have optimal ensembles aligned with the measurements 
axes. In each case the blue (solid) and red colouring of the 
pure states denotes the partitioning of the ensemble that Al- 
ice would use if the y-axis was the measurement of interest 
for a particular run of an experiment. 



introduced in Sec. Ill Bl supplemented by photon count- 
ing as introduced in Sec. Ill CI We begin by considering 
the case where x = 0-5, that is, when the intended initial 
state W* is maximally entangled in the limit rj — > 1. 

Consider the most general case using the nonlinear 
EPR-steering inequality defined in Eq. (|4.17[) , as this al- 
lows for both homodyne (Ag) and photodetection (A z ) 
measurements. We must take into account the homodyne 
measurement inefficiency when evaluating the left hand 
side of the inequality; the photodetection inefficiency will 
manifest in the right hand side of the inequality. 

Thus we wish to calculate the maximum value of 
\ Jo dO(Ag<jg) allowed by quantum theory, given that 
Alice is restricted to homodyne measurements. However, 
this may be simplified by noting that in the state W*, 
for every angle the maximum value of the correlation 
will be obtained when Alice chooses the phase of the local 
oscillator to be 9, and reports a result ag = a(r), where 
a(r) is negatively related to her homodyne measurement 
result r. This will result in the same value for the corre- 
lation function for every direction. Hence the correlation 
function becomes independent of 9 and we have 



7T/2 

d9(Agag) = max 
-tt/2 a ( r ) 



drTr[p B (r)a x a(r)} 



(5.1) 
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FIG. 3: The finite correction factor /(n) for some small values 
of the number of equatorial measurements used, n. We see 
that f(n) quickly approaches the asymptotic value of 2/t: 
(indicated by the red dotted line). 



where Pg(r) is Bob's conditioned state defined in 



Eq. (|2.8[) . evaluated for 9 — 0, and the function a(r) 
is Alice's reported result. Recall that in deriving the in- 
eqality (|4.17[) we assumed that a(r) e { — 1, 1}, but apart 
from that restriction, Alice is free to report any function 
of her result r. Using Eq. (|2.8[) . Eq. (|5.1[) evaluates to 



max 

a(r) 



dr exp(— r 2 /2)a(r) 



(5.2) 



The maximum over a{r) occurs when Alice chooses 
a(r) = — sign(r) and thus we have 



1 



d9(A g a g ) = \ -rjy/rfr 



(5.3) 



Recall that rj is the efficiency of production of the sin- 
gle photon, while fyh is the efficiency of Alice's homo- 
dyne measurement. It is easy to verify that exactly the 
same equation holds when the left-hand-side of Eq. (|5.3[) 
is replaced by a finite sum, as in the left-hand-side of 
Eq. (|H7]). 

Now we evaluate the right hand side of Eq. (|4.17p 
for the case when Alice conditions using inefficient pho- 
todetection. The quantities in the right hand side of 
Eq. (|4.17p were already determined in Sec. Ill CI Sub- 
stituting these in with \ = 1/2, we find that Eq. (|4.17[) 
will be violated iff 

^vVVh> f(n)yJvi^-V-VVp)- (5-4) 

In the limit n — > oo, this can be rearranged to give the 
simple inequality 

4 



FIG. 4: The pale contours indicate the value of n required 
to demonstrate steering with inefficient homodyne and pho- 
todetection measurements. For lower measurement efficien- 
cies there are no contours, as it would require unphysical val- 
ues of r\ (i.e. r\ > 1) to satisfy the steerability criterion. The 
black contour (n = 0.64) marks the preparation efficiency 
limit achieved experimentally in 



This is a sufficient condition on the three parame- 
ters (^,77h,%>) for experimental demonstration of EPR- 
steering. It may be visualized by a contour plot as shown 
in Fig- [4j The contours show the required minimum value 
of r\, as a function of rjh and rj v . Note that for low mea- 
surement efficiencies no contours are plotted as the prepa- 
ration efficiencies required according to Eq. (|5.5[) would 
be unphysical (77 > 1). Note also that even without pho- 
todctection (?7p — 0), it would be possible (in principle) 
to satisfy this sufficient condition provided rj^ and r\ are 
high enough. But with rjh = the inequality can never 
be satisfied, and this is because it is impossible for Alice 
to demonstrate EPR-steering with a single measurement. 



B. Unevenly split single photon state 

The above analysis generalizes easily to the case of an 
unevenly split photon where \ can take any value 
between and 1. The specific cases reported in Q were 
X = 0.5 and \ — 0.92. We predict that the EPR-steering 
inequality Eq. (|4.17[) can be violated if 



V > 



2 + 7r77 h + 2?7p 



(5.5) 



-vVwx(l - x) > f{n)^4rrx [1 - vx - w P (i - x)}- 

(5.6) 

Retaining this time a fully general result by not taking 
the number of Alice's homodyne settings to infinity, we 



9 



find the following sufficient condition: 



'/ 



X + C 1 - X) ( Vp + 



tt [f(n)]< 



> 1. 



(5.7) 



In Sec. lVIII we give examples showing when Eq. (|5.7[) with 
finite settings could be satisfied in a real experiment. 



VI. NECESSARY CONDITION FOR 
EPR-STEERING 

While the sufficient condition of Eq. (|5.7[) is a useful 
guide to experiments, failure to satisfy this condition (in 
the limit n —¥ oo) does not mean that it would be impos- 
sible to demonstrate EPR-stecring with the state W£ 
using homodyne detection (with arbitrary phase) and 
photon counting, with efficiencies ?yh and rj p respectively. 
This is because there may exist a better EPR-steering 
inequality than the one (|4.17[) we have derived — that 
is, an inequality that can be violated in a larger region of 
parameter space. Perhaps surprisingly, however, we can 
derive a necessary condition on the experimental parame- 
ters X; V-i Vh and rj p for EPR-stecring to be demonstrated, 
that makes no assumption on the inequality to be tested. 

First, we consider the basic fact that in order for EPR- 
steering to take place, Alice must be able to perform 
at least two distinct measurements. In an experimental 
setup, if an imperfectly prepared (with efficiency 77) single 
photon is mixed with the vacuum at a \ '■ (1 — x) beam 
splitter, then we arrive at the situation where Alice and 
Bob share the state W£. In such an experiment, Alice is 
assumed to receive on average a proportion (1 — x) 1 ! of 
the light from the initial single photon. We now consider 
what Alice could do with this light. 

It is central to the definition of EPR-steering that Bob 
cannot trust Alice. Thus he should not simply believe 
her if she says that her photodetectors and homodyne 
photo-receivers have efficiency ry p and r/h respectively. It 
could be that she actually has perfect detectors. Let us 
assume that to be the case. It follows that if the following 
inequality 



(1 - x)vv P + (1 - x)v 2 Vh < (1 - x)v> 



.1) 



is satisfied then, Alice could use a complicated scheme 
to partition her fraction of the light, and simultaneously 
perform photodetection and homodyne measurements of 
two orthogonal phases, with efficiencies rj p , r]i n and r]^. 
This is demonstrated in Fig. [5] (for the case where the 
inequality is saturated), by showing the proportion of 
the original single photon which Alice is able to send to 
each of her (assumed perfect) detectors. Now homodyne 
measurements of two orthogonal phases with efficiency 
rjh enables Alice to simulate the result of a homodyne 
measurement at any phase 8, by suitably combining the 
two results, with the same efficiency rjh- Thus this setup 
allows Alice to perform all of her possible measurements 
in a single measurement (i.e. with no change of the appa- 
ratus). By definition however, a single measurement by 



uVT^T |o> tti^Tn |i> 



Bob 



(1 -X)^r 



(l -X)^, 



\ 



(1 - X)n Alice 



(1 -X)^ 





FIG. 5: If Eq. (|6.1[) is satisfied then it is possible that Al- 
ice could use the measurement scheme depicted here, which 
would not constitute EPR-steering. That is, providing she 
had arbitrarily good detectors, she could partition her frac- 
tion (1 — x) 7 ! °f the light and use n p of it for performing 
photodetection, and two portions of r/h to perform homodyne 
measurements of orthogonal quadratures. This is essentially a 
single, though complicated, measurement scheme which can- 
not demonstrate EPR-steering. 



Alice cannot demonstrate EPR-steering. Therefore, it is 
necessary that Eq. (|6.1[) be violated in order for EPR- 
steering to be possible. 

It is obvious that Eq. (|6.1I) reduces to the much simpler 
condition r) p + 2j]h < 1. We write the condition as in 
Eq. (|6.1|) to more easily relate conceptually to the next 
inequality we derive, which is not as straightforward, and 
which is a stronger inequality Recall that a non-trusting 
Bob is the concept at the heart of the definition of EPR- 
steering. Such a Bob would know that a clever Alice 
could obtain a larger fraction of the light from the initial 
single photon than the (1 — x)v shown in Fig. [S] Rather, 
a devious Alice may obtain access to the preparation of 
the initial single photon and recover the fraction 1 — r) 
of the light from this state that was thought to be lost 
in the inefficient preparation so that she receives a total 
fraction 1 — r\x- in this case (and again assuming perfect 
detectors), Alice can simultaneously obtain results for all 
of her possible measurements, with the right efficiencies, 
by a complicated measurement on her 'boosted' fraction 
of the light, provided that 



(1 - x)wh + 0-- x)v 2 Vh <i-xn- 



(6.2) 
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FIG. 6: The setup is the same as in Fig. [5] however now Bob 
does not trust the initial preparation of the shared state. He 
knows that on average he receives r\\ of the single photon, 
but he now assumes that Alice has access to the remaining 
1 — r\x of the initial state, as well as having arbitrarily good 
detectors. In this case, she could again use a complicated 
measurement scheme to partition her fraction of the initial 
state to simultaneously perform both photodetection and ho- 
modyne measurements of orthogonal phases with efficiencies 
r/p and rj^ respectively provided that Eq. (|6.2p is satisfied. 



This is demonstrated in Fig. |H1 for the case where the 
inequality is saturated and Alice must use every bit of 
light available. Thus, in order for it to be possible for 
Bob to be convinced that Alice is not simply performing 
a complicated single measurement on her fraction of the 
light, the inequality (|6.2[) must be violated. 

Rearranging Eq. (|6.2[) . we arrive at a necessary con- 
dition for it to be possible to demonstrate EPR-steering 
using the split-photon states W* and homodyne detec- 
tion and photon counting: 



v[x + {l-x)(v P + 2vh)}>l- (6.3) 



Note the similarity in form to the sufficient condition 
(|5.7|) . and note that the necessary condition is strictly 
weaker than the sufficient condition. 



VII. COMPARISON WITH EXPERIMENT 

A. Necessary conditions 

Finally, we are in a position to reconsider the exper- 
iments [3, ElJ. I n the latter, Lvovsky and co-workers 
obtained experimental parameters of rj = 0.64, and 
r]h = 0.86, and in the former they used x = 0-5 and 
X = 0.92. First let us test these parameters in Eq. (|6.3[) 
to determine if EPR-steering was possible in this experi- 
ment. Evaluating the left hand side of the inequality we 
obtain 0.87 and 0.68 for x = 0.5 and 0.92 respectively. 
Clearly the necessary condition for steerability is not sat- 
isfied under either of these circumstances. Even if we add 
photodetection, with an efficiency rj p = 0.3 (which is ex- 
perimentally feasible [29j]), we only raise these figures to 
0.97 and 0.69 respectively, still short of the required value 
of 1. 

The easiest parameter to alter to try to improve the 
performance of the experiment is the splitting ratio x- 
As stated, the experiment of Q made use of a symmet- 
ric as well as a decidedly asymmetric arrangement (with 
Bob obtaining a much larger fraction of the light). In or- 
der to facilitate the demonstration of EPR-steering, we 
thus determine the optimal x- In the example above, the 
symmetric arrangement came much closer to satisfying 
the necessary condition than the asymmetric one. This 
might tempt one to conclude that the symmetric situa- 
tion is most useful for a demonstration of EPR-steering. 
In fact, this is true neither for the necessary nor the suf- 
ficient criteria for EPR-steering. 

Considering both Eq. (|5.7|l and Eq. (|6.3[) it is straight- 
forward to see that x = is the optimal value for sat- 
isfying these conditions. However, physically this corre- 
sponds to the asymmetric case of Alice obtaining all of 
the light, in which case Alice and Bob do not share an 
entangled state at all and EPR-steering cannot occur. 
Thus, in practise the optimal arrangement would be to 
choose x <C 1. (Experimental imperfections not mod- 
elled in our theory would presumably imply an optimal, 
small, value for x-) That is, in the Babichev et al. ex- 
periment the asymmetry was weighted in the wrong 
direction — they had x — 0.92, which sends almost all 
of the light to Bob. 

We can understand this result intuitively, as it is Al- 
ice's detection efficiencies that matter in the experiment, 
not Bob's. Providing Alice with less of the initial state 
makes it more difficult for her to influence (steer) Bob's 
part of the state. If the setup used in Q were to be re- 
versed so that x — 0.08, then with r\ — 0.64, ryh = 0.86, 
and no photodetection (ry p = 0), the left hand side of 
Eq. (|6.3p evaluates to 1.06, suggesting that EPR-steering 
might be possible in an experiment similar to that in 
Ref. @. Including photodection with r] p = 0.3, gives 
a left hand side of 1.24, suggesting that EPR-steering 
should be possible using such an enhanced experiment. 
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B. Sufficient conditions 

In order to determine if these hypothetical experiments 
could demonstrate EPR-steering using the inequalities 
we have derived, we need to test the sufficient condition 
Eq. (|5.7[) . We use the parameters of [l(| as above, with 
X = 0.08 and we assume eight homodync measurement 
settings. Using eight settings is few enough to seem ex- 
perimentally feasible, but a large enough number so that 
/(8) ~ 0.641 is not far from f(oo) = 2/tt ~ 0.637. 

With no photodetection, the left hand side of the suffi- 
cient condition (|5.7[) evaluates to 0.84. That is, unfortu- 
nately, the EPR-steering inequality we derived would be 
a long way from being violated. But including photodec- 
tion with r] p =0.3, gives a left hand side of 1.01, implying 
that it would just be possible to violate Eq. (|4.17[) . and so 
demonstrate EPR-steering, in this enhanced experiment. 

In practice of course it would be extremely difficult 
for experimentalists to satisfactorily observe a violation 
which equates to 1.01 > 1.00. Thus, in order to con- 
clusively demonstrate EPR-steering of a single photon it 
would be desirable to have a larger violation of the steer- 
ing criterion. The appeal of our approach is that we have 
provided a number of experimental parameters that may 
be adjusted to facilitate EPR-steering. 

Consider first the case where there is no photodetec- 
tion, as in the original experiments. Then if one chose 
X = 0.05, and if one were able to improve the parameters 
to r) = 0.78 and rjh = 0.92, the sufficient condition (|5.7[) 
would be satisfied as follows: 1.10 > 1. Alternatively, 
with photodetection included with efficiency rj p = 0.30, 
and with 77 = 0.66 and ?7h = 0.90, one would also find 
the same degree of violation. If one had access to a more 
efficient single-photon detector, the requirements on r\ 
and ?7h set by Eq. (|5.7|) become even less stringent. Thus 
demonstrating a substantial violation of an EPR-steering 
inequality with a single photon could be achieved with 
only moderate improvements to experimental techniques. 

VIII. SUMMARY 

In this work we have considered in detail the experi- 
mental prospects for demonstrating quantum nonlocality 
with a single photon, using homodyne detection. This 
question is of considerable interest experimentally, with 
both Bcll-nonlocalityf violation of a CHSH-inequality, 
with post-selection) [10| , and "remote state preparation" 
(i.e. the EPR-steering phenomenon) of a single pho- 
ton being addressed. Our analysis here shows that while 
the impure state produced in these experiments could not 
possibly be used to demonstrate violation of a CHSH- 
inequality without post-selection, it could be used to 
demonstrate EPR-stee ring , according to the definition es- 
tablished in Refs. [13, [25| . without post-selection. Also, 
we showed that even given the efficiency of the homodyne 
detection used in these experiments, it might still be pos- 
sible to do a rigorous demonstration of EPR-steering, if 



the asymmetry of the photon splitting were reversed from 
that used in Ref. @. 

To actually demonstrate EPR-steering would require 
viola ting an EPR-steering inequality, as defined in 
Ref. [18j . Here we have introduced a family of such in- 
equalities for homodync detection on a single split pho- 
ton, with an arbitrary number of different phase settings. 
Unfortunately with the experimental efficiency of homo- 
dyne detection achieved in Ref. [l(|, it would not be 
possible to violate any of these inequalities. However, 
we also generalized our inequality by supplementing ho- 
modyne detection with a photon detector. We showed 
that with a realistic photon detector efficiency, with rela- 
tively few different homodyne phases, and with only mod- 
est improvements to the efficiency of photon preparation 
and homodync detection, it should be possible to achieve 
a substantial violation of our inequality. Thus, for rig- 
orously demonstrating nonlocality (in the EPR-steering 
sense) of a single photon, in an experiment in the near 
future, the prospects are good. 



Acknowledgments 

HMW acknowledges useful discussions with A. 
Lovovsky. This research was conducted by the Australian 
Research Council Centre of Excellence for Quantum 
Computation and Communication Technology (project 
number CE1 10001029) 



Appendix A: Convexity proof 

We consider the function: 

f ({(&„)}, (*.» = - f ^ deag(ae) - -^l-{a z )\ 

T J-n/2 7T 

(Al) 

with the aim of showing that 

1. / is a convex function of its arguments, 

2. and that / <0Va fl £ {-1, 1}, V>. 

In order to prove point 1, we must show that both 
terms in Eq. (|A1[) are convex functions, as the sum of 
two convex functions is also a convex function [3(| . The 
first term is trivially convex, as the integral is just the 
continuous limit of adding the arguments, which are lin- 
ear, and hence convex. For the second term, we need 
simply examine a plot of —\f\ — z 1 for z G { — 1,1} to 
verify that it has a convex (i.e. concave up) shape. 

Now to prove point 2, we must show that / < 0, V ag G 
{ — 1, l},Vp. This amounts to showing that 

- [ ' d9a e (a e ) < -v/l-(^) 2 - (A2) 

n J -it/2 T 
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It was shown in Sec. I IV A[ that the maximum of the 
left hand side is occurs when ag = 1. Making this sub- 
stitution and evaluating the integral means that we are 
required to prove the condition 

< -v 7 !-^) 2 - (A3) 



That this holds for all p follows immediately from the 

condition that (& x ) 2 + (<7 2 ) 2 < 1. 



[1] S. M. Tan, D. F. Walls, and M. J. Collett, Phys. Rev. [17 

Lett. 66, 252 (1991). 
[2] L. Hardy, Phys. Rev. Lett. 73, 2279 (1994). [18 
[3] H. M. Wiseman and J. A. Vaccaro, Phys. Rev. Lett. 91, 

097902 (2003). [19 
[4] S. J. van Enk, Phys. Rev. A 71, 032339 (2005). 
[5] J. Dunningham and V. Vedral, Phys. Rev. Lett. 99, [20 

180404 (2007). [21 
[6] H. W. Lee and J. Kim, Phys. Rev. A 63, 012305 (2000). 
[7] E. Lombardi, F. Sciarrino, S. Popescu, and F. DeMartini, [22 
Phys. Rev. Lett. 88, 070402 (2002). [23 
[8] S. A. Babichev, J. Ries, and A. I. Lvovsky, Europhys. 

Lett. 64, 1 (2003). [24 
[9] S. A. Babichev, B. Brezger, and A. I. Lvovsky, Phys. Rev. [25 

Lett. 92, 047903 (2004). 
D] S. A. Babichev, J. Appel, and A. I. Lvovsky, Phys. Rev. [26 

Lett. 92, 193601 (2004). 
1] B. Hessmo, P. Usachev, H. Heydari, and G. Bjork, Phys. [27 
Rev. Lett. 92, 180401 (2004). [28 
2] S. D. Bartlett and H. M. Wiseman, Phys. Rev. Lett. 91, 

097903 (2003). [29 
3] S. J. Jones et at, Phys. Rev. A 74, 062313 (2006). 

4] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, [30 
777 (1935). 

5] E. Schrodinger, Proc. Camb. Phil. Soc. 31, 553 (1935). 
6] M. D. Reid, Phys. Rev. A 40, 913 (1989). 



H. M. Wiseman, S. J. Jones, and A. C. Doherty, Phys. 
Rev. Lett. 98, 140402 (2007). 

E. G. Cavalcanti, S. J. Jones, H. M. Wiseman, and M. D. 

Reid, Phys. Rev. A 80, 032112 (2009). 

D. J. Saunders, S. J. Jones, H. M. Wiseman, and G. J. 

Pryde, Nature Physics 6, 845 (2010). 

W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998). 

R. Horodecki, P. Horodecki, and M. Horodecki, Phys. 

Lett. A 200, 340 (1995). 

H. M. Wiseman, Quantum Semiclass. Opt. 7, 569 (1995). 
H. M. Wiseman and R. B. Killip, Phys. Rev. A 56, 944 
(1997). 

K. A. Kirkpatrick, Found. Phys. Lett. 19, 95 (2006). 
S. J. Jones, H. M. Wiseman, and A. C. Doherty, Phys. 
Rev. A 76, 052116 (2007). 

M. D. Reid, P. D. Drummond, W. P. Bowen, and et al., 

Review of Modern Physics 81, 1727 (2009). 

J. Oppenheim, Science 330, 1072 (2010). 

S. J. Jones, H. M. Wiseman, and D. T. Pope, Phys. Rev. 

A 72, 022330 (2005). 

J. B. Altepeter, E. R. Jeffrey, and P. G. Kwiat, Optics 
Express 13, 8951 (2005). 

R. T. Rockafellar, Convex Analysis (Princeton Universiy 
Press, Princeton, NJ, 1970). 



